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Abstract
The light-cone gauge approach to TT deformed models is generalised to models
deformed by U(1) conserved currents Jα, J˜α, stress-energy tensor Tαβ, and their vari-
ous quadratic combinations of the form αβKα1 K
β
2 . It is then applied to derive a ten-
parameter deformed Hamiltonian for a system of scalars with an arbitrary potential,
the flow equations for the Hamiltonian density, and the flow equations for the energy
of the deformed model. The flow equations disagree with the ones recently proposed
in arXiv:1903.07606. The results obtained are applied to analyse a CFT with left- and
right-moving conserved currents deformed by these operators. It is shown that with a
proper choice of the parameter of the TT deformation the deformed CFT Hamiltonian
density is independent of the parameters of the JΘ and J¯Θ deformations. This leads to
the existence of two extra relations which generalise the JΘ = 0 and J¯Θ = 0 relations of
the undeformed CFT. The spectrum of the deformed CFT is found and shown to satisfy
the flow equations.
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1 Introduction
The TT deformation of 2d field theories introduced in [1] admits various generalisations
if the model under consideration possesses additional conserved currents. Examples in-
clude the Lorentz invariance preserving higher-spin deformations of integrable models
[2], and the JT type deformations [3] which break Lorentz invariance of an undeformed
model. Any such a deformation is obtained by adding to the Hamiltonian of an un-
deformed model an operator of the form OK1K2 ∼ αβKα1 Kβ2 where K1 and K2 are
conserved currents. It is hoped that the spectrum of any model deformed by these op-
erators is completely fixed by the spectrum of the undeformed model just as it is for
the TT deformation [1]. Indeed, the spectrum of a CFT with left- and right-moving
conserved currents deformed by JT was derived in [4], completing the results of [3], see
also [5], and the spectrum of such a CFT deformed by TT , JT , J¯T was conjectured in
[6] by relating the problem to deformations of holographically dual strings on AdS3. A
very general nine-parameter deformation of a CFT by the stress energy tensor T , the
2
conserved currents J and J¯, and their various quadratic combinations was studied in [7]
where a set of flow equations with respect to the deformation parameters was proposed,
and then used to conjecture the spectrum of a deformed CFT.
In this paper we generalise the light-cone gauge approach [8, 9] to TT deformed
models to the case of the most general ten-parameter deformation by conserved currents
Jα, J˜α, the canonical Noether stress-energy tensor Tαβ, and their various quadratic
combinations of the form αβKα1 K
β
2 . The light-cone gauge approach was used in [9]
to derive the TT deformed action for a very general system of any number of scalars,
fermions and chiral bosons with an arbitrary potential. Basically all of the TT deformed
models [10, 11, 12, 13, 8, 14, 15, 16, 17] studied before and after [9] are particular cases
of this system which includes various Lorentz invariant systems of bosons and fermions,
in particular supersymmetric sigma models, and some of non-Lorentz invariant systems,
e.g. the chiral SYK model and the nonlinear matrix Schro¨dinger model.
The light-cone gauge approach is based on the observation that the homogeneous
inviscid Burgers equation which determines the spectrum of a TT deformed model with
zero momentum coincides with the gauge invariance condition of the target space-time
energy and momentum of a non-critical string theory quantised in a parameter dependent
light-cone gauge introduced in [18]. The light-cone gauge-fixed Hamiltonian can be
thought of as the Hamiltonian of a deformed model, and the deformation parameter can
be identified with the light-cone gauge parameter, see [9] for a detailed discussion. The
deformed Hamiltonian Hα can be used to derive the flow equation, ∂αHα =TT , with
respect to the parameter α of the TT deformation. The flow equation is then used to
get the inviscid Burgers equation which governs the spectrum of the deformed model.
In this paper we only consider a system of n scalars with an arbitrary potential. We
assume that the bosonic model is invariant under shifts of one of its fields, say x1, and
Jα is its canonical Noether current due to the symmetry. The current J˜α is a topological
current associated to the field x1: J˜α = αβ∂βx1. In the case of a CFT the left- and
right-moving conserved currents are linear combinations of Jα and J˜α. We begin with
the usual action for bosonic strings invariant under shifts of three isometry coordinates
xa, a = +,−, 1. The undeformed model is obtained by imposing the standard light-
cone gauge x+ = τ , p− = 1 where p− is the momentum conjugate to x−. It appears
that to describe the most general ten-parameter deformation we need to introduce pairs
of auxiliary non-dynamical co-vectors and scalars (V aα , X˜a) and (Uaα , Υa) associated
with the conserved currents Jαa and J˜aα, respectively. We then perform a ten-parameter
canonical transformation A which involves the three coordinates xa and their momenta
pa, and the coordinates and momenta of the auxiliary fields. Finally, we impose the
light-cone gauge x+ = τ , p− = 1 on the transformed coordinates and momenta, solve the
Virasoro and Gauss-law constraints, and identify the light-cone gauge-fixed Hamiltonian
HA = −p+ with the deformed one.
The derivatives of the deformed Hamiltonian with respect to the ten parameters give
rise to flow equations (3.9-3.13) which are valid for any bosonic model of the type we
study. We believe that the flow equations are universal, and apply to any Lorentz and
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non-Lorentz invariant model of bosons and fermions. The flow equations disagree with
the ones recently proposed in [7]. The main difference is that some of the coefficients
in front of the deforming operators on the r.h.s. of our flow equations depend on the
deformation parameters of the quadratic operators while those of the flow equations of
[7] do not. The reason for the disagreement is simple. The authors of [7] only analysed
the model of a single massless free scalar which is a CFT with left- and right-moving
conserved currents. As we show, for such a model there is a choice of the TT deformation
parameter such that the deformed Hamiltonian does not depend on the parameters of
the JΘ and J¯Θ deformations. The flow equations with respect to these parameters then
become extra constraints (4.11) which generalise the relations JΘ = 0 and J¯Θ = 0 of the
undeformed CFT. Taking into account these constraints one can make a choice of the
deformation parameters which removes the parameter dependent terms from the flow
equations. Such a choice exists only for a CFT with left- and right-moving conserved
currents, and for any other model one has to deal with the flow equations (3.9-3.13).
The flow equations for the deformed Hamiltonian can be used to find a system of flow
equations (3.17, 3.18) for the spectrum of the deformed model. The system does not
involve derivatives of the energy with respect to the parameters of the linear deformations
by the space components of the currents Jα and J˜α. These derivatives were used in [7] to
find the expectation values of J1 and J˜1. As we explain in the paper, these expectation
values are given by the derivatives of the energy with respect to the charges P˜ 1 and
P1 of the currents Jα and J˜α. Thus, we do not really need the two parameters. The
system of flow equations is complicated and at the moment we do not know how to find
a proper solution of the system for a generic state. Nevertheless, we show that if a state
satisfies level-matching conditions which we derive then the energy of such a state obeys
a version of the homogeneous inviscid Burgers equation.
The flow equations for the energy however can be solved for a deformed CFT with
left- and right-moving conserved currents. The solution (4.18) we find reduces to the
known ones in the particular cases of one- and two-parameter deformations. It seems
to agree with the one proposed in [7] at least if one switches off their parameters of the
deformation by Q1±, and parameters of the JΘ and J¯Θ deformations. To get a precise
agreement it might be necessary to perform an extra redefinition of the parameter of the
TT deformation. We have not tried to do it. In the case of the TT , JT , J¯T deformation
our solution seems different from the one proposed in [6] but we believe that the two
solutions may be equivalent after a proper redefinition of the deformation parameters.
The plan of the paper is as follows. In section 2.1 we introduce an extended action
for bosonic strings propagating in a target manifold possessing (at least) three abelian
isometries and determine all the constraints and gauge conditions necessary to recover
the undeformed model. In section 2.2 we generate a ten-parameter deformation of the
model as a chain of one-parameter canonical transformations producing different defor-
mations. In section 3.1 we impose the light-cone gauge on the transformed coordinates
and momenta, solve all the constraints, and find the deformed Hamiltonian. In section
3.2 we use the Hamiltonian to derive the flow equations with respect to the deformation
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parameters. Then in section 3.3 the flow equations are converted into the flow equations
for the spectrum of the deformed model. In section 3.4 we determine level-matching
conditions physical states must satisfy, and derive the homogeneous inviscid Burgers
equations for the energy of those states. The flow equations for the Hamiltonian density
and the spectrum are then rewritten in the CFT conventions in section 4 where we also
consider a very special case of a CFT with left- and right-moving conserved currents,
and show that for such a CFT there are extra constraints (4.11) replacing the relations
JΘ = 0 and J¯Θ = 0 of the undeformed CFT. In section 4.3 we propose a formula for
the spectrum of such a deformed CFT which satisfies the flow equations. In Conclusions
we discuss open questions and generalisations of the light-cone gauge approach. Finally,
in Appendices we collect some explicit formulae, and consider examples of deformed
Hamiltonians, and deformed spectrum of CFT with left- and right-moving conserved
currents.
2 String model and the transformation
2.1 Extended string model
In this section we follow the same approach as in [9] but simplify a bit their consid-
eration. We begin with bosonic strings propagating in a n + 2−dimensional target
Minkowski manifold M possessing (at least) three abelian isometries realised by shifts
of the isometry coordinates. We denote coordinates of M by xM , M = +,−, 1, . . . , n,
and choose the isometry coordinates to be x+, x− and x1. The “transversal” coordi-
nates xµ, µ = 1, . . . , n are the fields of the model we wish to deform. Obviously, the
target-space metric GMN of M does not depend on x± and x1.
Assuming for simplicity that the B-field vanishes but making no assumption on the
form of GMN , we write the initial string action in the standard form
S =
∫ R
0
dσdτ L , L = −12γ
αβ∂αx
M∂βx
NGMN , (2.1)
where γαβ = hαβ
√−h is the Weyl-invariant combination of the world-sheet metric hαβ
with det γ = −1, and 01 = −01 = 1. The range R of the world-sheet space coordinate
σ will be fixed by a generalised uniform light-cone gauge.
The string action invariance under the shifts of x± and x1 leads to the existence of
the three conserved currents
Jαa =
∂L
∂∂αxa
, ∂αJ
α
a = 0 , a = +,−, 1 .
Then, to any coordinate xM we can associate a topological conserved current
J˜Mα = αβ∂βxM ,
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and the deformations we discuss in this paper involve the topological current J˜α ≡ J˜1α
which for a free massless scalar field is dual to Jα ≡ Jα1 . We denote the corresponding
conserved charges as
Pa =
∫ R
0
dσJ0a , P˜ a =
∫ R
0
dσJ˜a0 .
It is clear that P˜ a does not vanish only if xa has a nonzero winding number.
To get the most general deformation we introduce pairs of non-dynamical co-vectors
and scalars (V aα , X˜a) and (Uaα , Υa) associated with currents Jαa and J˜aα, respectively.
Then, the extended string action together with the new fields has the form
S =
∫ R
0
dσdτ
(
− 12γ
αβ∂αx
M∂βx
NGMN − αβV aα ∂βX˜a − αβUaα∂βΥa
)
. (2.2)
The action (2.1) is obviously invariant under reparametrisations, the six U(1) gauge
symmetries
V aα → V aα + ∂αξa , X˜a → X˜a , Uaα → Uaα + ∂αζa , Υa → Υa , (2.3)
and the constant shifts of the coordinates X˜a and Υa
X˜a → X˜a + ca , Υa → Υa + ηa .
The last symmetry leads to the existence of six conserved currents
∂α(αβV aβ ) = 0 , ∂α(αβUaβ) = 0 .
These are equations of motion for V aα and Uaα which imply that
V aα = δ1αva + ∂αξa , Uaα = δ1αua + ∂αζa ,
where va and ua are time-independent zero modes of V a1 and Ua1, respectively. Thus,
one gets a family of models parametrised by va and ua, and if they vanish then we
get back to the original string model (2.1). We are going to impose a gauge condition
which depends on ten parameters, and consider the resulting gauge-fixed action as a
deformation of our favourite one.
The simplest way to impose such a gauge condition is to switch to the Hamiltonian
formalism. Introducing the momenta canonically-conjugate to the coordinates xM
pM =
δS
δx˙M
= −γ0β∂βxN GMN , x˙M ≡ ∂0xM ,
we bring the string action (2.2) to the first-order form
S =
∫ R
0
dσdτ
(
pax˙
a + V a ˙˜Xa + UaΥ˙a + pkx˙k + γ
01
γ00
C1 +
1
γ00
C2 − V a0 CVa − Ua0CaU
)
.
(2.4)
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Here a = +,−, 1, k = 2, . . . , n, and V a ≡ V a1 , Ua ≡ Ua1. Then,
C1 = pMx′M = pax′a + pkx′k , x′M ≡ ∂1xM .
C2 =
1
2G
abpapb +
1
2x
′ax′bGab +Gakpapk + x′ax′kGak + H˜x ,
are the Virasoro constraints, and H˜x depends only on the transversal fields xk and pk
H˜x = 12G
klpkpl +
1
2x
′kx′lGkl , k, l = 2, . . . , n . (2.5)
Finally,
CVa = X˜ ′a , CaU = Υ′a , a = +,−, 1 ,
are the constraints which generate the U(1) gauge transformations (2.3). It is clear from
(2.4) that V a and Ua are the momenta canonically-conjugate to the coordinates X˜a and
Υa. It is worthwhile to mention that on the constraints surface one can replace
C1 → C˜1 = pax′a + V aX˜ ′a + UaΥ′a + pkx′k . (2.6)
This simple observation will be useful later.
If we do nothing with the coordinates and momenta of the extended model, and just
impose the light-cone gauge conditions
x+ = τ , p− = 1 , V ′a = 0 , U ′a = 0 , (2.7)
then, solving the constraints CVa = 0 and CaU = 0, we get that V a = va, X˜a = x˜a,
Ua = ua and Υa = Υa are σ-independent. Using the Virasoro constraint C1 to find x′−
x′− = −pµx′µ ≡ −px′ , (2.8)
we bring C2 to the form
C2 =
G++
2 p
2
+ + (G−+ +Gµ+pµ)p+ +
G−−
2 +G
µ−pµ +
G−−
2 (px
′)2 −Gµ−x′µpx′ +Hx ,
Hx = 12G
µνpµpν +
1
2x
′µx′ν Gµν .
(2.9)
Solving the resulting equation C2 = 0 for p+, we find the gauge-fixed action of the
extended model
S0 =
∫
dτ
(
va ˙˜xa + uaΥ˙a
)
+
∫ R
0
dσdτ (pµx˙µ − H0) , H0 = −p+(pµ, xµ, x′µ) . (2.10)
Here the integration range R = P− is found by integrating the gauge condition p− = 1
over σ, and the density H0 of the world-sheet Hamiltonian depends on the periodic
transversal fields. Thus, the gauge-fixed string action describes a two-dimensional model
on a cylinder of circumference R = P−. Obviously, va and ua are time-independent, and
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setting them to any constants, one gets the usual light-cone gauge string action. The
gauge-fixed model in general is not Lorentz invariant, and, as was shown in [9], to get a
Lorentz invariant model one has to choose the target space metric of the form
ds2 = dx+dx− − 2V dx+dx+ +Gµνdxµdxν , (2.11)
where V is an arbitrary function of the transversal coordinates. Then, H0 becomes the
Hamiltonian density of a sigma-model of n scalar fields with the potential V
H0 = Hx + V (x) . (2.12)
We are going to perform a parameter dependent canonical transformation of the
coordinates xa, X˜a, Υa and momenta pa, V a, Ua, and impose the light-cone gauge
conditions (2.7) on the transformed x+, p−, V a and Ua. Then, solving the constraints,
one gets a parameter-dependent gauge-fixed Hamiltonian density HA where A labels the
parameters. We want to think about this gauge-fixed model as a deformation of the
model with the Hamiltonian density H0, and consider the parameters of the canonical
transformation as the deformation parameters.
The deformed two-dimensional model with the Hamiltonian density HA is invariant
under the shifts of the world-sheet coordinates τ and σ, and its canonical stress-energy
tensor is given by
T 00 = HA , T 10 = −∂HA
∂x′µ
∂HA
∂pµ
,
T 01 = pµx′µ , T 11 = HA − ∂HA
∂x′µ
x′µ − pµ∂HA
∂pµ
.
In particular, the world-sheet energy and momentum are conserved
E =
∫ R
0
dσHA = −P+ , P = −
∫ R
0
dσ pµx′µ .
Then, the Hamiltonian density is invariant under a shift of the coordinate x1, and the
corresponding conserved current is
J0 = p1 , J1 = −∂HA
∂x′1
.
Finally, the topological current in the Hamiltonian formalism is given by
J˜0 = x′1 , J˜1 = −x˙1 = −∂HA
∂p1
.
2.2 Parameter dependent canonical transformation
The simplest way to find a canonical transformation generating a multi-parameter de-
formation of H0 is to realise it as a chain of one-parameter transformations producing
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different deformations. Analysing infinitesimal transformations, one can identify suitable
one-parameter ones. We find convenient to use the following consecutive ones
1. Transformation, TT T¯ , generating the TTdeformation [9]
TTT : x+ → x+ − a+−x− , x− → x− , p+ → p+ , p− → p− + p+a+− .
It is easy to check that for any target space metric GMN the gauge-fixed Hamiltonian
density Ha+− satisfies the flow equation
∂Ha+−
∂a+−
= TT , TT ≡ T 01T 10 − T 11T 00 = −αβTα1T β0 = T1T0 .
2. Transformation, TJ˜T0 , generating the −J˜T0 deformation
TJ˜T0 : x+ → x+ − a+1x1 , x1 → x1 , p+ → p+ , p1 → p1 + p+a+1 ,
∂Ha+1
∂a+1
= −J˜T0 , J˜T0 ≡ J˜0T 10 − J˜1T 00 = −αβJ˜αT β0 .
3. Transformation, TJT1 , generating the JT1 deformation
TJT1 : x1 → x1 − a1−x− , x− → x− , p1 → p1 , p− → p− + p1a1− ,
∂Ha1−
∂a1−
= JT1 , JT1 ≡ J0T 11 − J1T 01 = −αβJαT β1 .
The sequence TJT1TJ˜T0TTT of these three transformations can be represented by a
single canonical transformation
xa → (A−1)ab xb , pa → pbAba , a, b = +,−, 1 .
Here A is the following matrix
A =
 1 a+− a+10 1 0
0 a1− 1
 , A−1 =
 1 −a˜+− −a+11 0
0 −a1− 1
 ,
where
a˜+− = a+− − a+1a1− .
In general A can be any nondegenerate real matrix with entries Aij = δij + aij, and one
can easily show that
(i) A++ deforms by −T 00: A++∂A++HA++ = −T 00 = −HA++ ;
(ii) A−− deforms by T 11: A−−∂A−−HA−− = T 11;
(iii) A11 deforms by J˜J : A11
∂HA11
∂A11
= J˜J ;
(iv) a−+ deforms by 1: ∂a−+Ha−+ = 1;
(v) a−1 deforms by −J˜1: ∂a−1Ha−1 = −J˜1;
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(vi) a1+ deforms by J0 = p1: ∂a1+Ha1+ = J0.
We do not need the deformations by T 0α, J0 and J˜0 because they just change the
energy by the corresponding charges. We could have used the transformations with
A−− and A11 at the next steps but this leads to complicated flow equations when all
ten parameters are nonvanishing, and a careful analysis shows that it is better to use
these transformations (which commute) at the very end. As to the transformation with
a−1, it appears to be easier to use the auxiliary non-dynamical fields to generate the
deformation by J˜1 and the remaining four deformations.
The remaining transformations are
4. Transformation, TT 10 , generating the −T 10 deformation
TT 10 : x′+ → x′+ − V + , X˜ ′+ → X˜ ′+ + p+ , p+ → p+ , V + → V + ,
∂Hv+
∂v+
= −T 10 .
This transformation obviously represents gauging the shift symmetry of x+, and due to
the light-cone gauge condition x+ = τ it is natural that the zero mode of V + generates
the deformation by −T 10.
5. Transformation, TJ1 , generating the J1 deformation
TJ1 : x′1 → x′1 − V 1 , X˜ ′1 → X˜ ′1 + p1 , p1 → p1 , V 1 → V 1 ,
∂Hv1
∂v1
= J1 .
Gauging the shift symmetry of x1 leads to the dependence of Hv1 on x′1 − v1.
6. Transformation, TJT0 , generating the JT0 deformation
TJT0 : x+ → x+ − b+1X˜1 , X˜1 → X˜1 , p+ → p+ , V 1 → V 1 + p+b+1 ,
∂Hb+1
∂b+1
= JT0 , JT0 ≡ J0T 10 − J1T 00 = −αβJαT β0 .
This transformation must be performed after the transformation TJ1 .
7. Transformation, TJ˜1 , generating the J˜1 deformation
T
J˜1 : x
1 → x1 , Υ1 → Υ1 + x1 , p1 → p1 − U1 , U1 → U1 ,
∂Hu1
∂u1
= J˜1 .
This transformation in fact represents gauging the symmetry generated by
Q˜(ξ) =
∫
dσJ˜0ξ =
∫
dσx′1ξ ,
which is trivial unless ξ depends on σ. This leads to the dependence of Hu1 on p1 − u1.
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8. Transformation, T
J˜T1
, generating the J˜T1 deformation
T
J˜T1
: X˜− → X˜− + p− − b−−
c1−
(x− − V −) + b−−(x′1 − V 1) , X˜1 → X˜1 + c1−X˜− ,
x′− → x′− − V − − c1−(x′1 − V 1) ,
p− → p− + V − b−−
c1−
+ b−−(x′1 − V 1) , p1 → p1 − c1−X˜ ′− − c1− ,
V − → V − + c1−(x′1 − V 1) ,
∂Hb−−,c1−
∂b−−
= J˜T1 ,
∂Hb−−,c1−
∂c1−
= 0 , J˜T1 ≡ J˜0T 11 − J˜1T 01 = −αβJ˜αT β1 ,
where in the gauge-fixed Hamiltonian we set v− = 0. Note that this transformation
requires both b−− and c1− to be nonvanishing. This is the most complicated transfor-
mation. It can be represented as a combination of three simpler transformations
TJ˜T1 = T3T2T1 ,
where T1 gauges the shift symmetry of x−
T1 : x′− → x′− − V − , X˜ ′− → X˜ ′− + p− , p− → p− , V − → V − ,
T2 is a linear transformation
T2 : X˜ ′− → X˜ ′− −
b−−
c1−
x− , p− → p− + V − b−−
c1−
,
and T3 is a transformation we call twisting V − with x′1
T3 : X˜1 → X˜1 + c1−X˜− , p1 → p1 − c1−X˜ ′− − c1− , V − → V − + c1−(x′1 − V 1) .
We could not find a simpler way to generate the J˜T1 deformation. However, as we will
see soon, setting v− = 0, one can take the limit c1− → 0 in the gauge-fixed Hamiltonian
density, and this simplifies the flow equations drastically.
9. Transformation, T
J˜J
, generating the J˜J deformation
T
J˜J
: x1 → 1
A11
x1 , p1 → A11p1 , X˜1 → A11X˜1 , V 1 → 1
A11
V 1 ,
Υ1 → 1
A11
Υ1 , U1 → A11U1 ,
(2.13)
A11
∂HA11
∂A11
= J˜J , J˜J ≡ J˜0J1 − J˜1J0 = −αβJ˜αJβ .
The rescaling of X˜1, V 1 and Υ1, U1 is necessary for a gauge-fixed Hamiltonian density
to depend on the differences x′1 − v1 and p1 − u1.
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10. Transformation, TT 11 , generating the T 11 deformation
TT 11 : x− →
1
A−−
x− , p− → p−A−− ,
A−−
∂HA−−
∂A−−
= T 11 .
Due to the light-cone gauge condition p− = 1 the deformation with A−− is equivalent
to a change of the circumference of the cylinder the gauge-fixed model lives on.
Now, we can generate a ten-parameter transformation by using the following sequence
of the one-parameter ones
TA = TT 11TJ˜JTJ˜T1TJ˜1TJT0TJ1TT 10TJT1TJ˜T0TTT . (2.14)
We see that to generate all these deformations we need all three pairs of the auxiliary
fields (V aα , X˜a) and the pair (U1α , Υ1). Thus, in what follows we set
U+α = 0 , Υ+ = 0 , U−α = 0 , Υ− = 0 .
The transformation (2.14) can be represented by a single canonical transformation.
Introducing a column of coordinates
X =
{
X 1ˆX 2ˆ, . . . ,X 7ˆ
}
=
{
x+, x−, x1, X˜+, X˜−, X˜1,Υ1
}
,
and a column of momenta
P =
{
P1ˆ,P2ˆ, . . . ,P7ˆ
}
=
{
p+, p−, p1, V +, V −, V 1,U1
}
,
the transformation can be written in the form
X ′ → AxX ′ +BxP + Cx , P → ATpP +BTp X ′ + Cp . (2.15)
Here the matrices Ax, Bx , Ap and Bp, and the columns Cx, Cp satisfy the identities
AxAp +BxBp = I , AxBTx +BxATx = 0 , ATpBp +BTp Ap = 0 ,
which are necessary for the transformation to be canonical, and additional identities
ApAx +BTxBTp = I , ApBx + (ApBx)T = 0 , BpAx + (BpAx)T = 0 ,
CTp AxX ′ + X ′TBpCx = −
c1−
A11
x′1 , CpBxP + PTApCx = 0 , CTp Cx = 0 ,
which lead to PTX ′ → PTX ′ − c1−
A11
x′1. The explicit form of the matrices can be found
in appendix A.
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3 Deformed Hamiltonian and the flow equations
3.1 Deformed Hamiltonian
Now, we can derive the gauge-fixed Hamiltonian density HA which we consider as a
deformation of H0. First, we note that up to total derivatives the kinetic term in the
action (2.4) does not change under the canonical transformation (2.15). Then, as was
mentioned before on the constraints surface the constraint C1 is equivalent to C˜1 (2.6).
Clearly, under (2.15), C˜1 changes as
C˜1
TA−→ C˜1 = PTX ′ − c1−
A11
x′1 + pkx′k .
Then, we obviously have
CVa
TA−→ CVa = (AxX ′ +BxP + Cx)3ˆ+aˆ = (Ax)3ˆ+aˆrX ′r + (Bx)3ˆ+aˆ,rPr + C 3ˆ+aˆx .
C1U
TA−→ C1U = (AxX ′ +BxP)7ˆ = (Ax)7ˆrX ′r + (Bx)7ˆ,rPr , r = 1ˆ, 2ˆ, . . . , 7ˆ .
Finally, a simple calculation gives the transformed Virasoro constraint C2
C2
TA−→ C2 = 12G˜
rsPrPs + 12X
′rX ′sG˜rs + G˜rkPrpk + X ′rx′kG˜rk
+ GˆrsPrX ′s + GˇrkPrx′k + X ′rpkGˇrk + H˜x .
(3.1)
The coefficients in this equation are listed in appendix B.
Now, we impose the light-cone gauge conditions (2.7) on the transformed coordinates
and momenta. Then, from the analysis of the canonical transformation (2.15) we know
that the zero mode v− does not generate any of the deformations. Thus, in addition to
(2.7) we can set it to 0 (and we have already set U±α = Υ± = 0)
v− = 0 .
Next, we solve the constraints C˜1 = 0, CVa = 0 and C1U = 0 for
x′− , X˜ ′+ , X˜
′
− , X˜
′
1 , Υ′1 .
The solution can be written in the form
X ′r = κr p+ + χr , (3.2)
where we also have X ′1ˆ = x′+ = 0 and X ′3ˆ = x′1. The coefficients κr and χr can be read
off from eqs.(B.1).
Using the solution, we bring C2 to the form C2 = G2 p2+ + G1 p+ + G0, where the
coefficients Gi are listed in appendix B. One then checks that even though the transfor-
mation (2.15) is singular in the limit c1− → 0, the coefficients Gi are regular at c1− = 0.
13
In fact it is necessary to have v− = 0 for the regularity. Thus, in what follows we set
c1− = 0, and only discuss this case. If c1− 6= 0 then there should exist a redefinition of
the parameters which makes the gauge-fixed Hamiltonian independent of c1−.
The solution of the quadratic equation
C2 = G2 p2+ + G1 p+ + G0 = 0 , (3.3)
which reduces to −H0 when all the parameters vanish gives us the deformed Hamiltonian
and action
SA =
∫ R
0
dσdτ (pµx˙µ − HA) , HA = −p+(pµ, xµ, x′µ) , R = P− . (3.4)
We consider some deformations of a model with the Hamiltonian (2.12) in appendix C.
3.2 Flow equations for the density of the Hamiltonian
To simplify the understanding of the origin of various terms in the flow equations in this
subsection we use the notations
αTT ≡ a+− , αJ˜T0 ≡ −a+1 , αJT1 ≡ a1− , αJT0 ≡ b+1 , αJ˜T1 ≡ b−− , v ≡ −v+ ,
(3.5)
so that the flow equations at the leading order would have the form
∂HA
∂αO
= O , ∂HA
∂v
= T 10 .
The Hamiltonian density HA (or, better to say the defining equation (3.3)) can be
used to derive the flow equations with respect to the ten deformation parameters. First
of all, it is easy to check that the coefficients Gi, and, therefore, HA, depend on the
differences x′1 − v1 and p1 − u1. Thus,
∂HA
∂v1
= J1 , ∂HA
∂u1
= J˜1 . (3.6)
Moreover, all the operators appearing on the right hand side of the flow equations also
must depend on x′1 − v1 and p1 − u1. Let us introduce the following improved currents
Jα, J˜α which depend on those differences
J0 = p1 − u1 = J0 − u1 , J1 = J1 ,
J˜0 = x′1 − v1 = J˜0 − v1 , J˜1 = J˜1 , (3.7)
and the improved stress-energy tensor Tαβ
T00 = T 00 , T10 = T 10 ,
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T01 = (p1 − u1)(x′1 − v1) + pkx′k − v T 00 = T 01 − v T 00 − v1J0 − u1J˜0 + u1v1 ,
T11 = HA − ∂HA
∂x′k
x′k − pk ∂HA
∂pk
− ∂HA
∂x′1
(x′1 − v1)− (p1 − u1)∂HA
∂p1
− v T 10
= T 11 − v T 10 − v1J1 − u1J˜1 ,
(3.8)
whose components Tα1 are also shifted by v Tα0.
Then, in terms of the improved currents (3.7, 3.8) the flow equations take the form
(in the limit c1− → 0)
∂HA
∂v
= T10 = T 10 , (3.9)
A−−
∂HA
∂A−−
= T11 = T 11 − vT 10 − v1J1 − u1J˜1 , (3.10)
A11
∂HA
∂A11
= J˜J = J˜J − u1J1 + v1J˜1 , (3.11)
A−−
∂HA
∂αTT
= TT , (3.12)
A−−
∂HA
∂αJT1
= A11JT1 ,
∂HA
∂αJT0
= A11JT0 +
α
J˜T1
A−−
TT ,
A−−
∂HA
∂α
J˜T1
= 1
A11
J˜T1 ,
∂HA
∂α
J˜T0
= 1
A11
J˜T0 +
αJT1
A−−
TT .
(3.13)
A simple analysis of eqs. (3.6), (3.9) and (3.10) shows that the following rescaling of
v1, v, u1
v1 → A−−v1 , v → A−−v , u1 → A−−u1 ,
brings the equations to the form
A−−
∂HA
∂v1
= J1 , A−−
∂HA
∂u1
= J˜1 , A−−
∂HA
∂v
= T 10 , A−−
∂HA
∂A−−
= T 11 . (3.14)
This rescaling, however, breaks the dependence of HA on x′1−v1 and p1−u1. To restore
the dependence we can rescale the world-sheet space coordinate σ
σ → σ/A−− ⇒ SA → SA =
∫ RA−−
0
dσ
A−−
dτ (pµx˙µ − HA(pµ, xµ, A−−x′µ)) .
We see that to restore the canonical Poisson structure we also need to rescale pµ
pµ → A−−pµ ⇒ SA → SA =
∫ RA−−
0
dσdτ
(
pµx˙
µ − 1
A−−
HA(A−−pµ, xµ, A−−x′µ)
)
.
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One can then check by using the coefficients Gi that
1
A−−
HA(A−−pµ, xµ, A−−x′µ) = HA(pµ, xµ, x′µ)
∣∣∣
A−−=1
.
Thus, without loss of generality one can set A−− = 1, and consider R as the tenth
deformation parameter. In quantum theory the flow equation (3.10) with respect to
A−− would imply the following flow equation for the energy with respect to R
dEn
dR
= 〈n|T 11|n〉 ,
where |n〉 is an eigenstate of HA with the energy En.
The J˜J deformation can be also easily understood. It is clear from the way it was
generated, see eq.(2.13), and can be checked explicitly by using the defining equation
(3.3) that the deformed Hamiltonian depends on A11 only through the combinations
A11(p1 − u1) , 1
A11
(x′1 − v1) .
Thus, the energy of a deformed model with parameters A11, u1, v1 is related to the
energy of the deformed model with A11 = 1 as
En(A11, P1 −Ru1, P˜ 1 −Rv1) = En(1, A11(P1 −Ru1), (P˜ 1 −Rv1)/A11) ,
where P˜ 1 = x1(R) − x1(0) is basically an effective range of x1 which may depend on
winding numbers of several scalars and target space-time metric of the model, see the dis-
cussion below eq.(4.2). This can be also seen from the flow equations. Indeed, rescaling
u1 and v1 as u1 → u1/A11, v1 → A11v1, and then rescaling the currents as Jα → Jα/A11,
J˜α → A11J˜α removes completely the A11 dependence from the flow equations. Thus, we
may set A11 = 1.
3.3 Flow equations for the energy
Since the Hamiltonian HA, the world-sheet momentum P, the U(1) charge P1, and the
dual charge P˜1 are mutually commuting, the energy En of their common eigenstate
|n〉 is a function of R, and the eigenvalues P , P1, and P˜ 1 of P, P1, and P˜1, and the
deformation parameters. Then, the flow equations for the Hamiltonian density, and the
Hellmann-Feynman theorem lead to the following relations
〈n|T 00|n〉 = En
R
, 〈n|T 01|n〉 = −P
R
, 〈n|J0|n〉 = P1
R
, 〈n|J˜0|n〉 = P˜
1
R
,
〈n|T 11|n〉 = dEn
dR
, 〈n|T 10|n〉 = 1
R
∂En
∂v
, 〈n|J1|n〉 = 1
R
∂En
∂v1
, 〈n|J˜1|n〉 = 1
R
∂En
∂u1
.
(3.15)
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In addition, assuming factorisation, for an operator of the form OK1K2 = −αβKα1 Kβ2 ,
one has
〈n|OK1K2|n〉 = 〈n|K01 |n〉〈n|K12 |n〉 − 〈n|K11 |n〉〈n|K02 |n〉 ,
where Kαi are conserved currents, and |n〉 is an eigenvector of their charges. By using
these relations, it is straightforward to derive flow equations for the energy of the state.
There is, however, a better form of flow equations for the energy. The Hamiltonian
density depends on p1 − u1 = J0 − u1, and x′1 − v1 = J˜0 − v1, and therefore it is more
natural to consider the energy En as a function of the improved charges P1 = P1−Ru1,
and P˜1 = P˜ 1 − Rv1. To make sure that the energy would depend on u1 and v1 only
through P1 and P˜1, one also should consider En as a function of
Pˇ ≡ P + P1P˜
1
R
.
Indeed, the world-sheet momentum can be represented as
P = −
∫ R
0
dσ pµx
′µ = −
∫ R
0
dσ
(
(P1
R
+ pˇ1)(
P˜ 1
R
+ xˇ′1) + pkx′k
)
= −P1P˜
1
R
+ Pˇ ,
where pˇ1 and xˇ′1 satisfy
∫ R
0 pˇ1 = 0, xˇ1(R) = xˇ1(0). Clearly, this formula demonstrates
the splitting of the world-sheet momentum into its intrinsic part Pˇ , and the part due to
the rotation and winding in the x1 direction.
Thus, we can consider the energy as a function of R, Pˇ , P1 and P˜1, and the defor-
mation parameters αO, v, A11
En = En(R , Pˇ ,P1 , P˜1 , αO , v , A11) = En(R , Pˇ , P1 −Ru1 , P˜ 1 −Rv1 , αO , v , A11) .
It is now clear that the last two relations in (3.15) take the form
〈n|J1|n〉 = −∂En
∂P˜1
, 〈n|J˜1|n〉 = −∂En
∂P1
.
Then, the flow equations for the Hamiltonian density depend on the improved currents
and stress-energy tensor (3.7, 3.8), and their expectation values are
〈n|T01|n〉 = − 1
R
(
Pˇ − P1P˜
1
R
+ vEn
)
, 〈n|T11|n〉 = ∂En
∂R
− v
R
∂En
∂v
,
〈n|J0|n〉 = P1
R
, 〈n|J˜0|n〉 = P˜
1
R
.
(3.16)
By using these relations, one gets the following flow equations for the energy of the
state |n〉 (with A−− = 1)
A11
∂En
∂A11
= P1
∂En
∂P1
− P˜1∂En
∂P˜1
, (3.17)
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∂En
∂αTT
= −En∂En
∂R
− Pˇ −
P1P˜1
R
R
∂En
∂v
,
1
A11
∂En
∂αJT1
= P1
(∂En
∂R
− v
R
∂En
∂v
)
−
(
Pˇ − P1P˜
1
R
+ vEn
)∂En
∂P˜1
,
1
A11
∂En
∂αJT0
= P1
R
∂En
∂v
+ En
∂En
∂P˜1
+
α
J˜T1
A11
∂En
∂αTT
,
A11
∂En
∂α
J˜T1
= P˜1
(∂En
∂R
− v
R
∂En
∂v
)
−
(
Pˇ − P1P˜
1
R
+ vEn
)∂En
∂P1
,
A11
∂En
∂α
J˜T0
= P˜
1
R
∂En
∂v
+ En
∂En
∂P1
+ A11αJT1
∂En
∂αTT
.
(3.18)
It is unclear how to solve this system of equations. However, the equation (3.17) with
respect to A11 for the J˜J deformation can be easily solved. Its solution is
En(P1 , P˜1 , A11) = En(A11P1 ,
P˜1
A11
, 1) , (3.19)
where we kept the energy dependence only on the essential variables. Thus, without loss
of generality we can set A11 = 1 in the remaining five equations.
3.4 Homogeneous inviscid Burgers equation
The deformed and undeformed models are obtained from the same extended string sigma
model by applying different light-cone type gauge conditions. The physical quantities,
therefore, must be the same in both models. However, as usual in a light-cone gauge,
physical states must satisfy additional conditions which follow from the requirement
that the strings are closed. We will refer to these conditions as to generalised level-
matching conditions. In this section we determine which states of the deformed model
are physical, and discuss a relation between the energy of physical states in the deformed
and undeformed models. We set A−− = 1 and use R as a parameter.
Let us denote xa0, X˜0a , Υa0, p0a, V a0 and U0a the coordinates and momenta of the extended
string model (2.4) before one applies the canonical transformation (2.15). They are
related to the transformed coordinates and momenta as in eqs.(2.15). The transformed
coordinates and momenta satisfy the light-cone gauge conditions and the constraints.
Substituting the solution of the gauge conditions and the constraints into the relations
(2.15), one finds for the coordinates
x′−0 = −T01 ,
x′10 = αJT1T01 +
J˜0
A11
+ αJT0HA ,
x′+0 = (αTT + αJT1αJ˜T0 + αJ˜T1αJT0)T
0
1 + αJ˜T0
( J˜0
A11
+ αJT0HA
)
+ A11αJT0J0 + v ,
X˜ ′a
0 = 0 , Υ′a0 = 0 , a = +,−, 1 ,
(3.20)
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and for the momenta
p0+ = −HA ,
p0− = 1− αTTHA + A11αJT1J0 + αJ˜T1
J˜0
A11
+ αJT1αJ˜T1T
0
1 ,
p01 = A11J0 + αJ˜T0HA + αJ˜T1T01 ,
V +0 = −v ,
V 10 = v1/A11 − αJT0HA ,
U01 = v1/A11 − αJT0A11u1HA ,
(3.21)
where the improved currents and stress-energy tensor are given by (3.7, 3.8).
Eqs.(3.20) show that the generalised level-matching conditions are
x−0 (R)− x−0 (0) = −
∫ R
0
dσ T01 = P = 0 ,
x10(R)− x10(0) = P˜ 10 =
∫ R
0
dσ ( J˜
0
A11
+ αJT0HA) =
P˜1
A11
+ αJT0EA = wR10 ,
x+0 (R)− x+0 (0) = αJ˜T0wR10 +
∫ R
0
dσ (A11αJT0J0 + v) = αJ˜T0wR10 + A11αJT0P1 + vR = 0 ,
(3.22)
where w ∈ Z is the winding number of x10 and x1, and the improved world-sheet mo-
mentum P, and charges P1 and P˜1 are given by
P = P + v E + v1P1 + u1P˜ 1 − u1v1R ,
P1 = P1 − u1R ,
P˜1 = P˜ 1 − v1R = wR1 − v1R .
(3.23)
Solving the generalised level-matching conditions for P , v and v1, one gets
P = w
(R10
R
α
J˜T0
EA +
A11R10
R
P1 − R
1
R
P1
)
,
vR = −α
J˜T0
wR10 − A11αJT0P1 ,
v1R = A11αJT0EA + w(R1 − A11R10) .
(3.24)
Having found the generalised level-matching conditions, we can now relate the ener-
gies of physical states of the deformed and undeformed models. Integrating the relations
(3.21) over σ, one gets
E0 = EA ,
R0 = R− αTTEA + αJ˜T1
P˜1
A11
+ αJT1(A11P1 − αJ˜T1P) ,
P 01 = A11P1 − αJ˜T1P+ αJ˜T0EA ,
(3.25)
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where R0 ≡ P 0− =
∫ R
0 p
0
− is the circumference of the cylinder, P 01 =
∫ R
0 p
0
1 is the U(1)
charge, and E0 is the energy of the undeformed model which is equal to the energy
of the deformed model for physical states. These equations generalise the integrated
form of the homogeneous inviscid Burgers equation which describes the spectrum of
a TT deformed model for states with vanishing world-sheet momentum. For physical
states one can set P = 0 and P˜1 = wR1 − A11αJT0EA but we prefer to keep them in
(3.25) because they might be important for states which do not satisfy the generalised
level-matching conditions. Due to the momentum P1 quantisation
P 01 =
2pim
R10
, P1 =
2pim
R1 , m ∈ Z ,
and the last equation in (3.25) can be considered as a relation between the ranges R10
and R1 of x10 and x1.
4 Flow equations in CFT conventions
To analyse the deformations of a CFT it is convenient to use the light-cone world-sheet
coordinates
σ± = σ ± τ , ∂± = 12(∂σ ± ∂τ ) , ∂αJ
α = ∂+J+ + ∂−J− .
The light-cone components of a vector V α, a co-vector Uα, and the stress-energy tensor
Tαβ are related to the 0, 1 components as
V ± = V 1 ± V 0 , V 0 = 12(V
+ − V −) , V 1 = 12(V
+ + V −) ,
U± =
1
2(U1 ± U0) , U0 = U+ − U− , U1 = U+ + U− ,
T++ =
1
2(T
0
0 + T 11 + T 01 + T 10) , T−− =
1
2(T
0
0 + T 11 − T 01 − T 10) ,
T−+ =
1
2(T
1
1 − T 00 − T 01 + T 10) , T+− = 12(T
1
1 − T 00 + T 01 − T 10) .
In a CFT one has T 00 + T 11 = 0, T 01 + T 10 = 0, and therefore T++ = T−− = 0. In
terms of the light-cone components the deformation operators become
TT = −αβTα1T β0 = −2αβTα−T β+ = T+−T−+ − T−−T++ ,
V T1 = −αβV αT β1 = 12
(
V +(T−+ + T−−)− V −(T++ + T+−)
)
,
V T0 = −αβV αT β0 = 12
(
V +(T−+ − T−−)− V −(T++ − T+−)
)
,
V T± = −αβV αT β± = 12
(
V +T−± − V −T+±
)
,
where V α could be either Jα or J˜α.
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4.1 Flow equations for the Hamiltonian density
Introducing new deformation parameters (and setting A−− = 1)
α± = αJT1 ± αJT0 , α˜± = αJ˜T1 ± αJ˜T0 ,
we rewrite the flow equations (3.13) in the form
∂HA
∂α±
= A11JT± ± α˜+ + α˜−4 TT ,
∂HA
∂α˜±
= 1
A11
J˜T± ± α+ + α−4 TT .
(4.1)
For a generic model (even a CFT) there is no reason to mix the currents J and J˜ .
However, the situation is different if we want to deform a Lorentz-invariant model with
the Lagrangian
L0 = −12∂αx
µ∂αxν Gµν − V (x) , (4.2)
which is invariant under shifts of x1, and whose target-space metric components G1ν are
independent of x. Then, shifting and rescaling x1
x1 → 1√
G11
(x1 −G1kxk) ,
we (almost) decouple x1 from the other fields
L0 → L0 = −12∂αx
1∂αx1 − 12∂αx
k∂αxl G˜kl − V (x) . (4.3)
We see that x1 is a free massless scalar whose only knowledge of the other fields is in its
winding numbers. For such a scalar the topological current J˜ is dual to Jα = −∂αx1
J˜0 = x′1 = −J1 , J˜1 = −x˙1 = p1 = −J0 ,
and introducing
Jα± = −
1
2(J
α ± J˜α) , J0± = ∓∂±x1 , J1± = ∂±x1 ,
J−+ = 2∂+x1 , J++ = 0 , J+− = 2∂−x1 , J−− = 0 ,
we see that the current Jα ≡ Jα+ is purely left-moving (holomorphic) while J¯α ≡ Jα− is
purely right-moving (anti-holomorphic). Clearly, a generic deformation would ruin these
nice properties but one can still hope that these currents Jα and J¯α would suit better to
describe the deformation. In what follows discussing the deformation of a model with
Lagrangian (4.2), we first decouple the scalar x1, and then deform the model.
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Coming back to the flow equations (4.1), we see that in the presence of the J˜J-
deformation the currents Jα and J¯α should be defined as
Jα± = −
1
2(A11J
α ± 1
A11
J˜α) , J˜J = −2αβJα+Jβ− . (4.4)
The appearance of A11 in this formula is expected because the J˜J-deformation (2.13)
rescales the coordinate x1 and momentum p1, and the factors of A11 just reverse this
rescaling.
Now, introducing the deformation parameters
β± = −12(α± + α˜±) , β¯± = −
1
2(α± − α˜±) ,
we bring the flow equations (4.1) to the form
∂HA
∂β±
= 2JT± ± β+ + β−2 TT ,
∂HA
∂β¯±
= 2J¯T± ∓ β¯+ + β¯−2 TT .
(4.5)
Here J α ≡ J α+ and J¯ ≡ J α− are the improved currents
J α± = −
1
2(A11J
α ± 1
A11
J˜α) , (4.6)
and up to a normalisation in the Euclidean CFT terminology JT+ ↔ JΘ, JT− ↔ JT ,
J¯T+ ↔ J¯T , J¯T− ↔ J¯Θ.
A nice feature of these equations is that in the absence of linear deformations (v1 =
v = u1 = 0) the flow equations for the left- and right-moving currents are coupled
to each other only through the TT operator. Nevertheless, it still may not be the best
form of the equations because they all involve the TT operator. Indeed, we have the flow
equation for the TT deformation, and we can make nonlinear changes of the parameter
a+−. Performing the following transformation
a+− = α +
κ+−
2 β+β− +
κ+
4 β
2
+ +
κ−
4 β
2
− +
κ¯+−
2 β¯+β¯− +
κ¯+
4 β¯
2
+ +
κ¯−
4 β¯
2
− ,
one finds that the equations (3.12, 4.5) take the form
∂HA
∂α
= TT , (4.7)
∂HA
∂β+
= 2JT+ + β+(1 + κ+) + β−(1 + κ+−)2 TT ,
∂HA
∂β−
= 2JT− − β+(1− κ+−) + β−(1− κ−)2 TT ,
∂HA
∂β¯+
= 2J¯T+ − β¯+(1− κ¯+) + β¯−(1− κ¯+−)2 TT ,
∂HA
∂β¯−
= 2J¯T− + β¯+(1 + κ¯+−) + β¯−(1 + κ¯−)2 TT .
(4.8)
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It is clear that natural values of the parameters κ’s are 0,±1. A particular choice of κ’s
depends on the model under study. If the model does not have left- and right-moving
conserved currents then the original choice with all κ’s equal to 0 seems to be the best
one. However, if a CFT has left- and right-moving currents then there are better choices.
Since in such a CFT JT+ = 0 and J¯T− = 0, it seems reasonable to choose κ’s so that
the flow equations for JT− and J¯T+ would take the simplest form. Thus, one would
choose κ− = 1, κ+− = 1, κ¯+ = 1, κ¯+− = 1. Then, the remaining two flow equations
take the simplest form if one chooses κ+ = −1 and κ¯− = −1. With this choice the flow
equations with respect to β± and β¯± are
κ+ = −1 , κ− = 1 , κ¯+ = 1 , κ¯− = −1 , κ+− = 1 , κ¯+− = 1 , (4.9)
∂HA
∂β−
= 2JT− , ∂HA
∂β+
= 2JT+ + β−TT ,
∂HA
∂β¯+
= 2J¯T+ , ∂HA
∂β¯−
= 2J¯T− + β¯+TT .
(4.10)
Calculating the coefficients Gi with this choice of κ’s for a deformed CFT which had left-
and right-moving conserved currents before the deformation, see appendix C, one finds
that they are independent of β+ and β¯− (in fact with all the ten parameters switched
on), and, therefore, the Hamiltonian density HA is independent of these two parameters
too. Thus, the flow equations with respect to β+ and β¯− lead to the existence of the
following two relations
2JT+ + β−TT = 0 ,
2J¯T− + β¯+TT = 0 ,
(4.11)
in a deformed CFT. One might think that these relations imply the existence of im-
proved left- and right-moving currents but it is so only in the case of a single JT or J¯T
deformation.
4.2 Flow equations for the energy in CFT conventions
To write the flow equations for the energy in CFT conventions we introduce the charges
Q± and Q± of the left- and right-moving currents (4.4) and (4.6)
Q±
R
= 〈n|J0±|n〉 = −
1
2R(A11P1 ±
1
A11
P˜ 1) ,
and similar expressions for the improved charges Q± of the currents (4.6). Then, we get
∂En
∂Q±
= ∂En
∂Q± = −
( 1
A11
∂En
∂P1
± A11∂En
∂P˜1
)
,
and therefore
〈n|J1±|n〉 = 〈n|J 1±|n〉 =
1
2
(
A11
∂En
∂P˜ 1
± 1
A11
∂En
∂P1
)
= ∓12
∂En
∂Q± .
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We also need
〈n|T1±|n〉 = 12
(
〈n|T11|n〉 ± 〈n|T10|n〉
)
= 12
(∂En
∂R
± 1
R
(1∓ v)∂En
∂v
)
,
〈n|T0±|n〉 = 12
(
〈n|T01|n〉 ± 〈n|T00|n〉
)
= 12R
(
− Pˇ + Q
2
+ −Q2−
R
± (1∓ v)En
)
.
By using these relations and eqs.(4.10), one gets the following flow equations for the
energy of the state |n〉 (with A−− = 1)
A11
∂En
∂A11
= Q+ ∂En
∂Q− +Q−
∂En
∂Q+ , (4.12)
∂En
∂α
= −En∂En
∂R
− Pˇ −
Q2+−Q2−
R
R
∂En
∂v
,
∂En
∂β−
= Q+
(∂En
∂R
− 1
R
(1 + v)∂En
∂v
)
− 12
∂En
∂Q+
(
Pˇ − Q
2
+ −Q2−
R
+ (1 + v)En
)
,
∂En
∂β¯+
= Q−
(∂En
∂R
+ 1
R
(1− v)∂En
∂v
)
+ 12
∂En
∂Q−
(
Pˇ − Q
2
+ −Q2−
R
− (1− v)En
)
,
∂En
∂β+
= Q+
(∂En
∂R
+ 1
R
(1− v)∂En
∂v
)
− 12
∂En
∂Q+
(
Pˇ − Q
2
+ −Q2−
R
− (1− v)En
)
+ β−
∂En
∂α
,
∂En
∂β¯−
= Q−
(∂En
∂R
− 1
R
(1 + v)∂En
∂v
)
+ 12
∂En
∂Q−
(
Pˇ − Q
2
+ −Q2−
R
+ (1 + v)En
)
+ β¯+
∂En
∂α
.
(4.13)
As was discussed in the previous subsection, in the case of a CFT with left- and right-
moving conserved currents ∂En
∂β+
= ∂En
∂β¯−
= 0.
4.3 Deformed CFT with left- and right-moving currents
In this subsection we use the defining equation (3.3) for the Hamiltonian density to find
a solution of the flow equations (4.13) for a deformed CFT with left- and right-moving
conserved currents. The undeformed Lagrangian is given by (4.2), and before deforming
the model we shift and rescale x1 as discussed in section 4.1 to reduce (4.2) to the
canonical form (4.3) with the undeformed Hamiltonian density
H0 = 12p
2
1 +
1
2(x
′1)2 + 12G
kl(x)pkpl +
1
2x
′kx′lGkl(x) ≡ K . (4.14)
We set A11 = 1 because the effect of the J˜J deformation was discussed in section 3.3,
and the energy of a J˜J deformed model is related to the energy of the model with
A11 = 1 by eq.(3.19). To simplify the notations we also set the parameters v1, u1 to
zero. The dependence of these parameters can be easily restored by shifting p1 and x′1
in the Hamiltonian density, or by replacing the charges Q± with the improved charges
Q± in the energy eigenvalues.
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Let us assume that HA and the coefficients Gi of the defining equation (3.3) are
operators, and let us rewrite (3.3) in the following form
〈n| G2H2A − G1HA + G0 |n〉 = 0 . (4.15)
Clearly, this equation does not really make sense, because the products of operators
require careful definitions. In particular, G1 given by (C.9) depends on px′, p1 and x′1
which do not commute with HA. This can be cured because G2 does not depend on any
fields, and therefore, shifting HA by a linear combination of px′, p1 and x′1, one can
remove all field-dependent terms from G1. Performing this shift, we bring eq.(4.15) to
the form1
G2 〈n|(HA −SA)2|n〉 − G˜1 〈n|(HA −SA)|n〉+ 〈n|G˜0 |n〉 = 0 ,
where
G2 = α(1− v2) + 12β
2
−(1 + v)2 +
1
2 β¯
2
+(1− v)2 ,
G˜1 = 1− v2 ,
G˜0 = K+ 1G2
[1
2px
′ (β¯2+(1− v)2 − β2−(1 + v)2)− (1− v2)(β−J0+(1 + v) + β¯+J0−(1− v))
+ (px′)2
(
β¯2+β
2
− − α2
)
+ 2J0+px′
(
αβ−(1 + v) + β¯2+β−(1− v)
)
− 2J0−px′
(
αβ¯+(1− v) + β¯+β2−(1 + v)
)
−
(
β−J0+(1 + v) + β¯+J0−(1− v)
)2]
,
SA =
1
G2
(1
2px
′ (−2αv − β¯2+(1− v) + β2−(1 + v))+ β−J0+(1 + v) + β¯+J0−(1− v)) .
Now, to get an equation for the spectrum of the deformed CFT with left- and right-
moving conserved currents we use the following relations
〈n|HA|n〉 = En
R
, 〈n|J0±|n〉 =
Q±
R
, (4.16)
〈n|px′|n〉 = −P
R
= − kˇ −Q
2
+ + Q2−
R2
, 〈n|K|n〉 = E
(0)
n
R
= Eˇ
(0)
n + Q2+ + Q2−
R2
. (4.17)
Here, as was discussed in section 3.3, we split of the world-sheet momentum P = k/R
into its intrinsic part Pˇ = kˇ/R, and the part due to the rotation and winding in the x1
direction, and do the same with the eigenvalues E(0)n = E (0)n /R of the Hamiltonian (4.14).
It is worthwhile to mention that only Eˇ (0)n always coincides with the corresponding part
of the spectrum of the undeformed model. As to Q± dependent part, it depends on the
point of view on the deformation. One may say that the range of x1 does not change with
the deformation and then Q± do not change either, or one may use that the deformation
was generated by the chain of transformations (2.14) which explicitly changed the range
1This is also the simplest form to check (C.12).
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of x1 and, therefore, Q±. In any case Q± are the charges measured in the deformed
theory. Finally, we use the following replacement rule
〈n|K1K2|n〉 → 〈n|K1|n〉〈n|K2|n〉 ,
for products of any two operators in (4.16, 4.17). The only justification for this rule we
have is that it leads to the deformed eigenvalues En which satisfy the flow equations
(4.13).
By using these rules we find that the spectrum of the deformed CFT with left- and
right-moving conserved currents is given by
A
(En
R
− SE
)2 − (En
R
− SE
)
+ C = 0 ,
En
R
= SE + 1−
√
1− 4AC
2A .
(4.18)
Here
A = α + b
2
−
2 +
b¯2+
2 ,
AC = A E
(0)
n
R2 +
k
2R2
(
b2− − b¯2+
)
− 1R
(
b−Q+ + b¯+Q−
)
+ k
2
R4
(
b¯2+b
2
− − α2
)
− 2kQ+R3 b−
(
α + b¯2+
)
+ 2kQ−R3 b¯+
(
α + b2−
)
− 1R2
(
b−Q+ + b¯+Q−
)2
,
SE = k vR2 +
1
A
( k
2R2
(
b¯2+ − b2−
)
+ 1Rb−Q+ +
1
R b¯+Q−
)
.
(4.19)
where
b− = β−
√
1 + v
1− v , b¯+ = β¯+
√
1− v
1 + v , R = R
√
1− v2 . (4.20)
We see that all the dependence of v is absorbed in the rescaling of β−, β¯+ and R, and
a shift of the energy by Pv/(1 − v2). This is in agreement with the consideration in
appendix C. Our solution (4.18, 4.19) seems to agree with the one proposed in [7] at
least if one switches off their parameters of the deformation by J1±, and parameters of
the JΘ and J¯Θ deformations. We see in particular that the parameter dependence of
our coefficient A and their coefficient A is similar. To check a precise agreement it would
be necessary to match the conventions, and it also might be necessary to perform an
extra redefinition of the parameter of the TT deformation. We have not tried to do it.
Then, at v = 0 our solution is very similar to the one proposed in [6] for closely related
single-trace deformations by using dual strings on deformed AdS3. In the case of JT
deformation our formula agrees with theirs. Still, there are some differences. The easiest
one to notice is the parameter dependence of our coefficient A and their coefficient A.
To reproduce their dependence we would have to shift α by a term proportional to β−β¯+.
Such a shift would ruin the nice structure of the flow equations (4.10), and introduce TT
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terms on the r.h.s. of these equations. It is also unclear how their charges are related
to ours. By these reasons we have not manage to find an exact map between our and
their formulae but we believe they may agree. In appendix D we presents the spectrum
deformed by one or two of the operators TT , JT , and J¯T .
5 Conclusions
In this paper the light-cone gauge approach [8, 9] to the TT deformed two-dimensional
models has been extended to include the most general ten-parameter deformation by
U(1) conserved currents, stress-energy tensor and their various quadratic combinations.
We have found an explicit ten-parameter deformed Hamiltonian for a rather general
system of scalars with an arbitrary potential, and used it to derive the flow equations
with respect to the parameters, and the spectrum of a deformed CFT with left- and
right-moving conserved currents. There are many open questions and generalisations of
the approach. We mention just a few of them.
Clearly, the light-cone gauge approach can also be used to study multi-parameter
deformations of the system of scalars, fermions and chiral bosons introduced in [9].
Since these deformations breaks Lorentz symmetry it is natural to analyse non-Lorentz
invariant models such as the nonlinear matrix Schro¨dinger model.
The system of flow equations for the spectrum of a deformed model is complicated,
and admits many solutions. We could not find its solution which would be completely
determined by the spectrum of the undeformed model. It would be interesting to un-
derstand if such a solution exists for a generic model. Even in the case of a CFT but
without left- and right-moving conserved currents it is unclear how to find a unique
solution.
If a model is integrable then there is a generalisation of the TT deformation to more
general higher-spin deformations introduced in [2]. It is expected that they can be de-
scribed in the light-cone gauge approach by coupling strings to W gravity, see [19] for
a review. Higher-spin conserved currents can be also used to study JT type deforma-
tions which break Lorentz invariance of an undeformed model, see [20, 21] for a recent
discussion. Clearly, as soon as the higher-spin deformations of [2] are understood in the
light-cone gauge approach, one can consider multi-parameter deformations involving the
higher-spin currents.
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A Canonical transformation matrices
The matrices Ax, Bx, Ap and Bp appearing in the canonical transformation (2.15) are
Ax =

1 − a˜+−
A−−
c1−a˜+−−a+1
A11
0 −c1−b+1 −b+1A11 0
0 1
A−−
− c1−
A11
0 0 0 0
0 − a1−
A−−
1+c1−a1−
A11
0 0 0 0
0 0 0 1 0 0 0
0 − b−−
c1−A−−
b−−
A11
0 1 0 0
0 0 0 0 0 A11 0
0 0 1
A11
0 0 0 1
A11

,
Bx =

a+1b+1 0 0 −1 a˜+− a+1−c1−a˜+−A11 0
0 0 0 0 −1 c1−
A11
0
−b+1 0 0 0 a1− −1+c1−a1−A11 0
1 0 0 0 0 0 0
0 A−− 0 0 b−−c1− −
b−−
A11
0
0 0 A11 0 0 0 −A11
0 0 0 0 0 0 0

,
Ap =

1 a+− a+1 0 0 b+1 0
0 A−− 0 0 0 0 0
0 a1−A11 A11 0 0 0 0
0 0 0 1 0 0 0
0 b−−
c1−
0 0 1 0 0
0 − b−−
A11
0 0 − c1−
A11
1
A11
0
0 −a1−A11 −A11 0 0 0 A11

,
Bp =

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 b−−
A11
0 0 c1−
A11
0 0
0 0 0 0 0 0 0
0 −c1−a1− −c1− 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

,
Cx =

0
0
0
0
0
−c1−
0

, Cp =

0
−c1−a1−
−c1−
0
0
0
0

where
a˜+− = a+− − a+1a1− .
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B Virasoro constraints coefficients
The coefficients G˜rs and so on appearing in the transformed Virasoro constraint C2 (3.1)
are given by
G˜rs = Gab(Ap)raˆ(Ap)sbˆ +Gab(Bx)
aˆr(Bx)bˆs ,
G˜rs = Gab(Ax)aˆr(Ax)bˆs +Gab(Bp)raˆ(Bp)sbˆ ,
Gˆrs = Gab(Ap)raˆ(Bp)sbˆ +Gab(Bx)
aˆr(Ax)bˆs ,
G˜rk = Gak(Ap)raˆ , G˜rk = Gak(Ax)aˆr ,
Gˇrk = Gak(Bx)aˆr , Gˇrk = Gak(Bp)raˆ .
Here the indices a, b = +,−, 1 are in one-to-one correspondence with aˆ, bˆ = 1ˆ, 2ˆ, 3ˆ, and
r, s = 1ˆ, . . . , 7ˆ.
The solution (3.2) to the constraints equations C˜1 = 0, CVa = 0 and C1U = 0, and the
light-cone gauge conditions x+ = τ , p− = 1, v− = 0 is given by
X ′2ˆ = x′− = v+p+ − p˜x′ + c1−
A11
(x′1 − v1) ,
X ′4ˆ = X˜ ′+ = −p+ ,
X ′5ˆ = X˜ ′− =
b−−
c1−A−−
(v+p+ − p˜x′)− A−− + ( 1
A−−
− 1)b−−
A11
(x′1 − v1) ,
X ′6ˆ = X˜ ′1 = −p1 + u1 +
c1−
A11
,
X ′7ˆ = Υ′1 = −x′1 ,
(B.1)
where
p˜x′ = (p1 − u1)(x′1 − v1) + pkx′k .
The coefficients Gi appearing in (3.3) are given by
G2 = 12G˜
++ + 12κ
rκsG˜rs + Gˆ+sκs ,
G1 = G˜+s′Ps′ + 12κ
rχsG˜rs + G˜r
′kPr′pk + κrx′kG˜rk
+ Gˆ+sχs + Gˆr
′
sPr′κs + Gˇ+kx′k + κrpkGˇrk .
G0 = 12G˜
r′s′Pr′Ps′ + 12χ
rχsG˜rs + G˜r
′kPr′pk + χrx′kG˜rk
+ Gˆr′sPr′χs + Gˇr′kPr′x′k + χrpkGˇrk + H˜x ,
where k = 2, . . . , n are the indices of the remaining transversal coordinates and momenta,
and r′, s′ = 2ˆ, . . . , 7ˆ.
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C Examples of deformed Hamiltonians
In this appendix we consider deformations of a model with the Hamiltonian density
H0 = 12G
µν(x)pµpν +
1
2x
′µx′ν Gµν(x) + V (x) = K + V , (C.1)
where K is the kinetic energy, and Gµν and V do not depend on x1. The target space
metric of the string sigma model is given by (2.11). Models of this type include also
models with rotational symmetries where one should first use spherical coordinates to
bring the model’s Hamiltonian to the form (C.1). In all considered examples we switch
off the deformations by J1, J˜1, T 11 and J˜J , that is we set the parameters v1, u1 to
zero, and A−−, A11 to one. The dependence of these parameters can be easily restored
if desired. We use the notations (3.5)
αTT ≡ a+− , αJ˜T0 ≡ −a+1 , αJT1 ≡ a1− , αJT0 ≡ b+1 , αJ˜T1 ≡ b−− , v ≡ −v+ .
Deformation by TT and T 10
In this case the only nonvanishing parameters are α ≡ αTT and v ≡ −v+. Calculating
the coefficients Gi, one gets
G2 = α˜(1− v2) , α˜ = α(1 + αV ) ,
G1 = (1− v2)(1 + 2αV )− 2v α˜ px′ , px′ ≡ pµx′µ ,
G0 = K + V (1− v2)− α˜(px′)2 − v(1 + 2αV )px′ .
(C.2)
Solving the defining equation (3.3), one gets the deformed Hamiltonian density
Hα,v = 12α˜
1−
√√√√1− 4α˜K1− v2 + 4α˜
2(px′)2
(1− v2)2
+ V1 + αV − v px
′
1− v2 . (C.3)
The 2-parameter deformed model is in fact related to the TT deformed one. Indeed, if
one performs the following rescaling of the momenta, and the world-sheet space coordi-
nate σ
pµ →
√
1− v2 pµ , σ → σ√1− v2 , (C.4)
then the deformed action (3.4) transforms as
SA → SA =
∫ R√1−v2
0
dσdτ
(
pµx˙
µ − 1√
1− v2 (Hα,0 − v px
′)
)
. (C.5)
The last term in the formula is just proportional to the world-sheet momentum P , and,
therefore, the energy Eα,v(R,Pv) of a state with momentum Pv in the 2-parameter de-
formed model on a circle of circumference R is related to the energy Eα,0(R
√
1− v2 , P0)
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of the corresponding state with momentum P0 in the TT deformed model on a circle of
circumference R
√
1− v2 as
Eα,v(R,Pv) =
1√
1− v2 (Eα,0(R
√
1− v2 , P0) + v P0) . (C.6)
Due to the momentum quantisation Pv and P0 are related as Pv =
√
1− v2 P0 which also
follows from the transformation (C.4). Clearly, this simple relation exists only because
of the Lorentz invariance of the TT model.
Deformation by TT , JT0, JT1, J˜T0 and J˜T1
In this case we set the parameter v of the T 10 to 0: v = 0. Calculating the coefficients
Gi, one gets
G2 = αTT + 12α
2
JT0
G11 +
1
2α
2
J˜T0
G11 + (α2TT − α2J˜T0α2JT0)V ,
G1 = 1 + αJT1
(
p1 + (αJ˜T1 − αJT0G11)px′
)
− α
J˜T0
(pµGµ1 − αJT0px′ + αJ˜T1G11px′) + αJ˜T1x′1 − αJT0G1µx′µ
]
+ 4V
[
αTT
(
1 + α
J˜T0
αJT0px
′ + αJT1(p1 + αJ˜T1px
′) + α
J˜T1
x′1
)
+ α
J˜T0
αJT0
(
αJT0(p1 + αJ˜T1px
′) + α
J˜T0
(αJT1px′ + x′1)
)
,
G0 = K + 12px
′[α2JT1G11px′ + α2J˜T1G11px′ − 2αJT0(p1 + αJ˜T1px′)
− 2(−α
J˜T1
pµG
µ1 + αJT1αJ˜T0px
′ + αTTpx′ + αJ˜T0x
′1) + 2αJT1G1µx′µ
]
+ V
[(
1 + αJT1(p1 + αJ˜T1px
′) + α
J˜T1
x′1
)2
−
(
αJT1αJ˜T0px
′ + αTTpx′ + αJT0(p1 + αJ˜T1px
′) + α
J˜T0
x′1
)2]
.
(C.7)
The Hamiltonian density HA is then found by solving the defining equation (3.3). The
resulting Hamiltonian is very complicated, and it is unclear how one could find its
spectrum even in the CFT limit where V = 0. The situation becomes better if G11 = 1
(or a constant), and G1k = 0 , k = 2, . . . , n. Then, the model has left- and right-moving
conserved currents, and one can redefine the deformation parameters to simplify the
Hamiltonian. This is done in the next subsection.
Deformed CFT with left- and right-moving currents
In this subsection we use parameters α ≡ αTT , v ≡ −v+ and β±, β¯±, and consider
deformations of a CFT with the Hamiltonian
H0 = 12p
2
1 +
1
2(x
′1)2 + 12G
kl(x)pkpl +
1
2x
′kx′lGkl(x) ≡ K , (C.8)
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by TT , JT+ ↔ JΘ, JT− ↔ JT , J¯T+ ↔ J¯T , J¯T− ↔ J¯Θ and T 10.
Calculating the coefficients Gi by choosing κ’s as in (4.9), one gets
G2 = α(1− v2) + 12β
2
−(1 + v)2 +
1
2 β¯
2
+(1− v)2 ,
G1 = 1− v2 − 2vαpx′ +
(
β2−(1 + v)− β¯2+(1− v)
)
px′
− β¯+(p1 − x′1)(1− v)− β−(p1 + x′1)(1 + v) ,
G0 = K − α(px′)2 + px′
(
β¯+(p1 − x′1)− β−(p1 + x′1) + 12(β¯
2
+ + β2−)px′ − v
)
.
(C.9)
We see that Gi, and therefore the deformed Hamiltonian, do not depend on β+ and β¯−.
Thus, for a CFT with left- and right-moving conserved currents there is no deformation
by JT+ ↔ JΘ and J¯T− ↔ J¯Θ if one chooses correctly the parameter of the TT defor-
mation. Let us also mention that if the potential V does not vanish then Gi do depend
on β+ and β¯−. The Hamiltonian of the model is obviously given by
HA = H(R,α, β−, β¯+, v) =
G1 −
√
G21 − 4G2G0
2G2 ,
(C.10)
but its surprising feature is that its v-dependence is very similar to the one in (C.5).
Indeed it is easy to check that the deformed action
SA =
∫ R
0
dσdτ
(
pµx˙
µ − H(α, β−, β¯+, v)
)
, (C.11)
satisfies
SA =
∫ R√1−v2
0
dσdτ
(
pµx˙
µ − 1√
1− v2 (H(α, b−, b¯+, 0)− v px
′ )
)
. (C.12)
where
b− = β−
√
1 + v
1− v , b¯+ = β¯+
√
1− v
1 + v .
(C.13)
Thus, up to the rescaling of β−, β¯+, the energy of the model with nonvanishing v is
related to its energy with v = 0 as in (C.6).
Let us also calculate the coefficients Gi with another interesting choice of κ’s
κ+ = −1 , κ− = −1 , κ¯+ = −1 , κ¯− = −1 , κ+− = 1 , κ¯+− = 1 . (C.14)
Then, the flow equations with respect to β− and β¯+ take the form
∂HA
∂β−
= 2JT− − β−TT , ∂HA
∂β¯+
= 2J¯T+ − β¯+TT . (C.15)
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The coefficients Gi with κ’s as in (C.14) are given by
G2 = α(1− v2) + β2−(1 + v)v − β¯2+(1− v)v ,
G1 = 1− v2 − 2vαpx′ +
(
β2−(1 + 2v)− β¯2+(1− 2v)
)
px′
− β¯+(p1 − x′1)(1− v)− β−(p1 + x′1)(1 + v) ,
G0 = K − α(px′)2 + px′
(
β¯+(p1 − x′1)− β−(p1 + x′1) + (β¯2+ + β2−)px′ − v
)
.
(C.16)
Now, setting v = 0, one gets
G2 = α ,
G1 = 1 +
(
β2− − β¯2+
)
px′ − β¯+(p1 − x′1)− β−(p1 + x′1) ,
G0 = K − α(px′)2 + px′
(
β¯+(p1 − x′1)− β−(p1 + x′1) + (β¯2+ + β2−)px′
)
.
(C.17)
Finally, setting α = 0, and solving the defining equation (3.3), one gets the deformed
Hamiltonian
Hβ−,β¯+ =
G0
G1 =
K − α(px′)2 + px′
(
β¯+(p1 − x′1)− β−(p1 + x′1) + (β¯2+ + β2−)px′
)
1 +
(
β2− − β¯2+
)
px′ − β¯+(p1 − x′1)− β−(p1 + x′1)
,
(C.18)
which satisfies the flow equations (C.15).
The flow equations are now more complicated but a curious feature of this choice is
that setting v = α = 0, one gets Hamiltonian (C.18) which is a rational function of the
coordinates and momenta. It suggests that it is the TT deformation which is responsible
for the square root form of the deformed Hamiltonian.
D Examples of the deformed spectrum
In this appendix we specialise eqs.(4.18, 4.19) to the one- and two-parameter deforma-
tions.
Deformation by TT
Setting v = 0, β− = 0, β¯+ = 0, one gets
En
R
=
1−
√
1− 4α
R
E
(0)
n + 4α2R2 P 2
2α ,
(D.1)
which is a well-known result.
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Deformation by JT and J¯T
Setting v = 0, α = 0, β¯+ = 0, one gets
En + P
R
= 2Q+
Rβ−
+
1−
√(
1 + 2β−
R
Q+
)2 − 2β2−
R
(E(0)n + P )
β2−
, (D.2)
which agrees with [4].
Let us also give the formula for the J¯T deformation
E J¯Tn − P
R
= 2Q−
Rβ+
+
1−
√(
1 + 2β+
R
Q−
)2 − 2β2+
R
(E(0)n − P )
β2−
. (D.3)
Deformation by TT+JT
Setting v = 0, b¯+ = 0, one gets
En + P
R
= 2αP + 2β−Q+(2α + β2−)R
+
1−
√(
1 + 2α
R
P + 2β−
R
Q+
)2 − 2(2α+β2−)
R
(E(0)n + P )
2α + β2−
,
(D.4)
which agrees with [6, 7].
Deformation by JT+J¯T
Setting v = 0, b¯+ = 0, one gets
En
R
= (β¯
2
+ − β2−)P + 2β−Q+ + 2β+Q−
(β2− + β¯2+)R
+
1−
√(
1 + 2β−Q++2β+Q−
R
)2 − 2β2−(E(0)n +P )+2β2+(E(0)n −P )
R
− 4βmβ¯+P (βmβ¯+P+2β−Q−−2β¯+Q+)
R2
β2− + β¯2+
.
(D.5)
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